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Abstract
A general form of the effective mass Schrödinger equation is solved exactly for Hulthen
potential. Nikiforov-Uvarov method is used to obtain energy eigenvalues and the corre-
sponding wave functions. A free parameter is used in the transformation of the wave
function.
PACS numbers: 03.65.-w; 03.65.Ge; 12.39.Fd




Quantum mechanical systems with position dependent effective mass (PDM) have been studied
in different branches of physics by many authors [1,2,3,4,5,6,7]. Several authors have obtained
the exact solutions of Schrödinger equation with position dependent mass [8-18]. Moreover,
the Morse potential [19], one dimensional Coulomb-like potential [20], hard core potential [21],
harmonic oscillator potential [22] are known as some real physical potentials that have been
investigated within PDM framework.
In recent years many authors have been used Nikiforov-Uvarov (NU) approach for solving
the Schrödinger equation (SE) [23,24,25,26,27,28,29].
In this work, the general form of PDEM Schrödinger equation is obtained by using a more
general transformation of the wave function as ϕ = mη(x)ψ(x). NU approach is adapted to this
general equation. Using an appropriate mass function, it is solved for Hulthen potential within
this generalization. Energy eigenvalues and the corresponding wave functions are obtained. The
contents of the paper is as follows: in section II, we introduce PDM approach and Nikiforov-
Uvarov method. The next section involves solutions of the general PDM equation. Results are
discussed in section IV.
2 Method











where Veff has the form












with α, β are ambiguity parameters. Primes stand for the derivatives with respect to x and we













ϕ(x) = 0 (3)
We apply the following transformation
ϕ = mη(x) ψ(x) (4)























Hulthen potential is given by [26]
V (x) = −V0
e−λx
1− qe−λx (6)
We give the following parameters including mass relation:
A∗ = α(α+ β + 1) + β + 1 (7)





























2 + ξ2s− ξ3)
)
ψ = 0. (12)
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Parameters defined in Eq.(12) have the following form:
−ξ1 = (η(η − 2) + A∗)− 2(
1
2
(β + 1)− η) + V0
qλ2
(13)
ξ2 = −2(η(η − 2) + A∗) + 3(
1
2






−ξ3 = η(η − 2) + A∗ − (
1
2
(β + 1)− η). (15)
where V (s) = V0
q











ψn(s) = 0. (16)
Comparing Eqs.(12) and (16), we obtain
σ = s, τ̃(s) = 3− 4η, σ̃(s) = −ξ1s2 − ξ2s+ ξ3 (17)















− σ̃(s) + kσ(s) (18)
and
λ = k + π
′
(19)
To find a physical solution, the expression in the square root must be square of a polynomial.
Then, a new eigenvalue equation for the SE becomes
λ = λn = −nτ




(s), (n = 0, 1, 2, ...) (20)
where
τ(s) = τ̃(s) + 2π(s) (21)
and it should have a negative derivative [23]. A family of particular solutions for a given λ
has hypergeometric type of degree. Thus, λ = 0 will corresponds to energy eigenvalue of the
ground state, i.e. n = 0. The wave function is obtained as a multiple of two independent parts:
ψ(s) = φ(s)y(s) (22)
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If we take Eq.(12) into account, comparing with Eq.(16), it is observed that τ̃ = 2η− (2η+1)s,
σ = s(1− s), σ̃ = −ξ1s2 + ξ2s− ξ3. Using z = 12(1− 2η), one obtains








ξ3 + z2, k1 = ξ2 − 2ξ3 + 2ζ ;
(
√




ξ3 + z2, k2 = ξ2 − 2ξ3 − 2ζ . (26)
where ζ =
√


























































ξ1 − ξ2 + ξ3 −
√
ξ3 + z2)









Here, first derivative of τ should be τ
′
< 0 in order to obtain physical solutions. Thus we choose
k and our functions which help us to derive the energy eigenvalues and eigenfunctions:
k = ξ2 − 2ξ3 − 2
√
ξ3(ξ1 − ξ2 + ξ3 + z2)− z2(ξ2 − ξ1) (29)
τ = 1− 2s− 2[(
√




ξ3 + z2] (30)
π = z(1 − s)− [(
√









ξ1 − ξ2 + ξ3 +
√
ξ3 + z2). (32)
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Using Eq.(19), the relation given below
λ = z2 − z + ξ1 − (
√





ξ1 − ξ2 + ξ3 +
√
ξ3 + z2) (33)
is obtained. With the aid of Eq.(20), this equality can be written:
λ = λn = −n(−2 − 2(
√
ξ1 − ξ2 + ξ3 +
√
ξ3 + z2)) + n(n− 1) (34)
Substituting Λ =
√
ξ1 − ξ2 + ξ3 +
√










where γ = ξ1 + z(z − 1). Now let us discuss two cases here depending on signs of Λ.
Case 1:
√
ξ1 − ξ2 + ξ3 +
√









then, ξ3 is obtained as
ξ3 =
(
ξ2 − ξ1 + z2

















1 + 4γ − 2
√










ξ1 − ξ2 + ξ3 +
√
































1 + 4γ + 2
√




























n (1− 2s). (44)












n (1− 2s) (45)
If z+
√
ξ3 + z2 < 0 and
√
ξ1 − ξ2 + ξ3 > 0, it is required that |z+
√
ξ3 + z2| ≥
√
ξ1 − ξ2 + ξ3 and
if
√
ξ1 − ξ2 + ξ3 < 0, z +
√
ξ3 + z2 > 0, |
√
ξ1 − ξ2 + ξ3| ≥ z +
√
ξ3 + z2 for physical solutions.
4 Conclusions
NU method adapted solutions are obtained for Hulthen potential within PDEM Schrödinger
equation. We have proposed a transformation of the wavefunction in a general form that leads
to solutions of well-known eigenvalues and eigenfunctions of Hulthen potential. Furthermore,
energy relations of the mass independent equation are obtained for two cases.
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81058112.
[13] C Quesne, SIGMA 3 (2007) 067.
[14] G Chen, Zi-dong Chen, Phys. Lett. A, 331(5) 2004 312-315.
[15] R De, R Dutt and U Sukhatme, J. Phys. A, 25(13) 1992 L843-L850.
[16] A D Alhaidari, Phys. Rev. A 66 2002 042116.
8
[17] Shang-Wu Qian et al, New J. of Physics, 4 2002 13.1-13.6; Chen Gang, Chinese Phys. 14
2005 460-462.
[18] B Bagchi, P Gorain, C Quesne, R Roychoudhury, Mod. Phys. Lett. A 19 2004 2765.
[19] J Yu, S H Dong, G H Sun, Phys. Lett. A, 322 (2004) 290.
[20] J Yu, S H Dong, Phys. Lett. A, 325 (2004) 194.
[21] S H Dong, M Lozada-Cassou, Phys. Lett. A, 337 (2005) 313.
[22] L Jiang, L Z Yi, C S Jia, Phys. Lett. A, 345 (2005) 279.
[23] A F Nikiforov and V B Uvarov, Special Functions of Mathematical Physics (Birkhauser,
Bassel, 1988).
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